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Abstract. We study Small–World graphs in the perspective of their use in the
development of efficient as well as easy to implement network infrastructures.
Our analysis starts from the Small–World model proposed by Kleinberg: a grid
network augmented with directed long–range random links. The choices of the
long–range links are independent from one node to another. In this setting greedy
routing and some of its variants
have been analyzed and shown to produce paths of polylogarithmic expected
length. We start from asking whether all the independence assumed in the Klein-
berg’s model among long–range contacts of different nodes is indeed necessary
to assure the existence of short paths. In order to deal with the above question,
we impose (stringent) restrictions on the choice of long–range links and
we show that such restrictions do not increase the average path length of greedy
routing and of its variations. Diminishing the randomness in the choice of random
links has several benefits; in particular, it implies an increase in the clustering of
the graph, thus increasing the resilience of the network.

1 Introduction
In this paper we consider Small-World (SW) networks based on Kleinberg’s model [5].
We investigate the possibility of diminishing the amount of randomness that nodes need
in the choice of their long–range links, while keeping the short routes of the original
model. Our proposal has the advantage that the obtained networks show high clustering
and, hence, they are particularly resilient to failures.

1.1 Small–World (SW) Networks

The study of many large–scale real world networks shows that such networks exhibit a
set of properties that cannot be totally captured by the traditional models: regular graphs
and random graphs. Indeed, many biological and social networks occupy a position
which is intermediate between completely regular and random graphs. Such networks,
commonly calledSmall–Worldnetworks, are characterized by the following main prop-
erties:

• they tend to be sparse;
• they tend to have short paths (as random graphs);
• they tend to be clustered (unlike sparse random graphs).
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The study of SW graph was pioneered by Milgram [10] in the 1960s. In his famous
experiment, people were asked to send letters to unknown targets only through acquain-
tances. The result confirmed the believe that random pairs of individuals are connected
by short chains of acquaintances.

The work by Milgram has been followed by several studies finalized to a better
understanding and modeling of the SW phenomenon. In particular, Watts and Strogatz
[16] noticed that, unlikely random graphs, real data networks tend to be clustered. Thus,
Watts and Strogatz proposed thinking about SW networks as combining an underlying
regular (high–diameter) graph with a few random links. They showed that several real
networks fall into this category, e.g. the network of actors cooperations or the neural
wiring diagram of the wormC. elegans.

Recently, Kleinberg [5] reconsidered an important algorithmic aspect of Milgram’s
experiment: not only short path exist but individuals are able to deliver messages to
unknown targets using short routes. Kleinberg proposed a basic model that uses a two-
dimensional grid as underlying interconnection, the grid is then augmented with random
links: Each node has an undirected local link to each of its grid neighbors and one di-
rected long-range random link; this last link connects to a node at lattice distanced with
probability proportional tod−2. Kleinberg proved that such graphs are indeednaviga-
ble, that is, a simplegreedyalgorithm finds routes between any source and target using
only O(log2 n) expected hops in a network onn nodes [5]. Notice that navigability is
an interesting property for a graph. Such graphs, in fact, can be easily used in the de-
velopment of efficient network infrastructures, such as for Peer–to–peer systems, where
neither flooding nor complex routing protocols are to be used.

Subsequently, routing strategies that make use of an augmented topological aware-
ness of the nodes have been investigated. In particular it was shown that if each node
knows the long-range contacts of its closestO(log n) neighbors on the grid (Indirect
greedy routing[8, 13]) thenO(log1+1/s n) expected hops suffice in ans–dimensional
lattice, for any fixeds. Papers [11] and [12] consider the improvements obtainable over
greedy routing in the case in which the topological awareness of a node is augmented
by the knowledge of the long–range contacts of all neighbors of the node (Neighbor–
of–neighborsrouting).

Augmenting an overlay network with random links is also at the base of random-
ized Peer–to–Peer networks. Two examples are randomized Chord and Symphony [12].
Such networks are both obtained by addingO(log n) random long range links to each
node of a ring. They allow to obtain optimal routing [12].

1.2 Low Randomness Small–World Networks

In a SW network, the additional long–range random links represent the chance, that
play a large role in creating short paths through the network as a whole. In this paper
we consider the following question:

Do the long–range contacts really need to be completely random, or some “long–range
clustering” could instead be envisaged in such a “navigable” network?

In other words, we investigate the problem of whether all the independence assumed
in the Kleinberg’s model among different long–range contacts is indeed necessary to
assure the existence of short paths. We show that, up to a certain extend, the answer to



the above question is that the same (greedy) routing performances can be maintained if
we limit the amount of randomness nodes use in the choice of long–range contacts.
Why to reduce randomization? In the perspective of using SW graphs as a base for
the development of network infrastructures, we notice that besides diameter and degree,
a very important property for a such an infrastructure is the resilience to simultaneous
node failures.

The resilience of a network grows with the clustering of the graph which provides
the overlay network. High clustering provides several alternative pathways throw which
flow can pass, thus avoiding the failed component [14]. Clustering is a very interesting
concept that is found in many natural phenomena and, roughly speaking, determines
how tightly neighbors of a given node link to each other [9]. In a graph the clustering
is related to the level of randomization of the graph itself. In particular, it was shown in
[16] that the smaller is the randomization the higher is the clustering of the considered
system. It is also worth noticing that the use of randomization increases the difficulties
in the implementation and testing of applications.

Therefore, it is worth investigating if, in analogy with real SW graphs [16], a SW
interconnection can be obtained by using a limited amount of randomness. Such a small
value would allow both SW requirements (small average path length and high cluster-
ing) to be obtained together with easy routing strategies.

1.3 Our Results.

We start from Kleinberg’s model (that is ans–dimensional lattice augmented with long–
range links) and proceed in two steps. In a first step, we limit the choice of long–ranges
of a nodeu to be done only among those other nodes that differ fromu itself in exactly
one coordinate; namely, a nodeu = 〈u1, . . . , us〉 has its long–range contacts chosen
among nodesv = 〈v1, . . . , vs〉 for which there existsi (1 ≤ i ≤ s) such thatvj = uj

for eachj 6= i. We show that all the routing properties immediately translate to this
restricted model, some times with easier proofs.

In a second part, we enforce even more the restriction nodes have in establishing
their long–range contacts. We introduce the notion ofcommunities: keeping the restric-
tion that long–range links can only connect two nodes differing in exactly one coordi-
nate, nodes are partitioned into (random) groups and all nodes belonging to the same
group are subject to additional restrictions in the choice of their long range contacts
depending on the group they belong to.

We show that a logarithmic (in the number of nodes) number of different communi-
ties is sufficient to assure the SW property for the resulting graph. Namely, we analyze
the routing performances of greedy, indirect and neighbor–of–neighbor routing strate-
gies in dependence of the number of communities; in particular, if the number of com-
munities is at least logarithmic all the routing strategies attain the same performances
as in Kleinberg’s original model.

The main results presented in this paper, together with those known for the original
Kleinberg model, are summarized in Table 1.
Road Map: In Section 2 we give the basic definitions and present the notation used in
the paper. In Section 3 we define Restricted–Small–World networks and analyze their
routing properties. Section 4 is devoted to the study of SW networks with communities.
Section 5 concludes the paper.



1.4 Related Work

The Small–World phenomenon was first demonstrated by Milgram’s famous experi-
ment [10]. Such an experiment showed that not only pairs of people were connected
by short chains of acquaintances but also that people were able to route letters in a
few hops by forwarding them to one of their acquaintances. Since then there has been
quite a lot of work in the literature concerning the SW phenomenon and models for SW
networks. A first model was proposed by Watts and Strogatz [16]. Following the no-
tion that SW graph interpolate between completely regular graphs and purely random
graphs, such model is based on randomly rewiring each edge of a regular graph with a
given probabilityp. For suitable values ofp, this gives rise to networks having the short
path lengths and the high level of clustering observed in studied real networks (e.g. the
network of actors cooperations or the neural wiring diagram of the wormC. elegans).

The model we consider in this paper (namely, ans-dimensional grid augmented
with long–range links according to a given probability distribution – cfr. Definition 1)
was introduced by Kleinberg in [5]. Kleinberg’s proposal gave rise to a vast subsequent
literature on routing in SW like networks. TheO(log2 n) expected number of hops
shown by Kleinberg for greedy routing was proved tight in [1]. Moreover [13] and [8]
prove that if the knowledge of a node is augmented with the knowledge of the long–
range contacts of some of its neighbors thenO(log1+1/s n) can be achieved by greedy
routing in as–dimensional lattice, for any fixeds. A review of the vast literature on the
subject can be found in [7].

SW like networks have been considered in the context of routing in peer–to–peer
systems. In particular [12] analyzes the use of neighbor–of–neighbor greedy routing
strategy, were the local knowledge of a node is augmented with the knowledge of the
long–range links of all its contacts. They show that such routing reaches the optimal
O(log n/ log log n) expected number of hops in SW percolation networks and in the
randomized version of the Chord network [15] (both havingO(log n) degree). Paper
[2] introduces, in order to speed-up bootstrap in the Chord ring, the concept of classes;
such concept has some resemblance to that of communities.

Paper Results Avg #steps Networks Observations
[5] Greedy O((log2 n)/q) K(n, s, q)

[1, 13] Greedy Ω((log2 n)/q) K(n, s, q)

[11, 12] NoN O((log2 n)/(q log q)) K(n, s, q) s = 1

[13] IR O(log1+1/s n) K(n, s, q) s = O(1)

[8] IR O((log1+1/s n)/(q1/s)) K(n, s, q) s = O(1)

[8] IR Ω(log1+1/s n) K(n, s, q) s = O(1)

This paper Greedy O((log2 n)/q) R(n, s, q),Rc(n, s, q)

This paper IR O((log1+1/s n)/(q1/s)) R(n, s, q),Rc(n, s, q)

This paper NoN O((log2 n)/(q log q)) R(n, s, q),Rc(n, s, q)

Table 1. Performance of variants of greedy routing (see Section 2.1 for more details). Routing strate-

gies: Greedy (Greedy routing), IR (Indirect greedy routing), NoN (Neighbor–of–neighbor greedy routing). Grid

networks havingn nodes,s-dimensions andq long-range contacts are considered:K(n, s, q) (Kleinberg–

Small–World networkK(n, s, q, p) with probabilityp(d) proportional tod−s, cfr. Definition 1),R(n, s, q)

(Restricted–Small–World network, cfr. Definition 2),Rc(n, s, q) (Small–World network with communities,

cfr. Definition 3).



2 Preliminary Notation and Definitions
In the following we denote byd the distance between two pointsv = 〈v1, . . . , vs〉
andu = 〈u1, . . . , us〉 on ans-dimensional toroidal lattice havingn = ms nodes. The
metric distance is defined asd(v, u) =

∑s
i=1 di wheredi = (ui − vi) mod m.

Definition 1. Kleinberg–Small–World network (K(n, s, q, p)): Considern nodes lying
on a toroidals-dimensional grid{0, . . . , m−1}s where each node maintains two types
of connections:

short–range contacts(2s connections): Each node has a direct connection to every
other node within distance1 on the grid;
long–range contacts(q connections): Each nodev establishesq directed links in-
dependently according to the probability distributionp (on the integers): each link
has endpointu with probabilityp(d(u, v)).

All reported results on Kleinberg’s model assumep(d) proportional tod−s with
normalization factor

∑
u,v d(u, v)−s. We notice that in Definition 1, we assume the

interconnection be formed by a torus while the original Kleinberg’s model was based
on a grid. For sake of simplicity we will show our results on the torus, however they
could be also obtained in case of a grid (e.g. with no wrap–around).

In the following we will denote by:
•N(v) the neighborhood ofv, that is, set of2s neighbors ofv on thes-dimensional

torus;
•L(v) the set of theq long-ranges contacts of nodev;
•Nr(v) = {v | d(u, v) ≤ r} the ball of radiusr and centerv.

We recall that,

|Nr(v)| = 2s

s!
· rs + ν(r), (1)

whereν(x) is a positive polynomial of degrees− 1[3].

2.1 Routings Strategies
Consider a SW networkK(n, s, q, p). We shortly review the routing strategies adopted
in the Small–World related literature and that will be subsequently used in this paper.
We denote byv be the node currently holding the message and byt the target key.
Greedy Routinguses only the local knowledge ofv: a message is forwarded along the
link (either short or long) that takes it closest to the targett.

Indirect greedy routingand neighbor–of–neighbor greedy routingare obtained
through an additionaltopological awarenessgiven to the nodes: Each nodev is in fact
aware of the long-range contacts of some other nodes.
Indirect Greedy Routing (IR) assumes that nodev is aware of the long-range contacts
of its |Nr(v)| closest neighbors, for somer > 0. Formally, IR entails the following
decision:

1. Let Lr(v) =
⋃

u∈Nr(v) L(u) denote the set of all long-ranges contacts of nodes
in Nr(v);
2. Among the nodes inLr(v)∪N(v), assume thatz is the closest to the target (with
respect to the distanced()): If z ∈ L(v) ∪ N(v) then route the message fromv
to z directly; otherwise, letz ∈ L(u) (u ∈ Nr(v) for someu 6= v) and route the
message fromv to z via u.



Neighbor–of–Neighbor Greedy Routing (NoN)assumes that each node knows its
long-range contacts, and on top of that it holds the long-range contacts of its neighbors.
Here we restrict ourself to consider only the long-range contacts of nodes inL(v), this
will be sufficient to get the improvements over greedy assured by NoN. Formally, a
NoN greedy step entails the following decision:

1. Consider the setL2(v) = ∪u∈L(v)∪{v}L(u) of long–range contacts of the long–
ranges ofv;
2. Among the nodes inL2(v)∪N(v), let z be the closest to the target (with respect
to the distanced()): If z ∈ L(v)∪N(v) then route the message fromv to z directly,
otherwise letz ∈ L(u) (u ∈ L(v) for someu 6= v) and route the message fromv
to z via u.

We recall that in theNoN routing, u may not be the long-range neighbor ofv which is
the closest to the target; indeed the algorithm could be viewed as a greedy algorithm on
the square of the graph induced by the long-range contacts.

3 Restricted–Small–World networks
In a restricted–Small–World network we allow each node to make long–range connec-
tions only with nodes that differ from it in exactly one coordinate. A connection between
two nodesu andv is created with probability proportional tod−1(u, v). In particular
this probability isp(d(u, v)) = 1

λ·d(u,v) , whereλ is the inverse normalized coefficient,

λ = s ·∑m
j=1

1
j ≈ ln n. Different connections are established by independent trials.

Definition 2. ARestricted–Small–World network (R(n, s, q)): is a networkK(n, s, q, p)
with probability distributionp s.t. for anyu and v, the probability of having a long–
range link fromu to v is

p(d(u, v)) =
{

1
d(u,v) ln n if v andu differ in exactly one dimension
0 otherwise.

It is easy to observe that any outgoing link goes along a generic dimensioni with
probability:

m∑

j=1

p(j) ≈ ln n1/s

ln n
= 1/s.

We will show that all the results obtained on Kleinberg’s SW networks [5, 13, 8,
12] can be easily proved to remain valid in spite of the restrictions we impose on the
long-range connections.

3.1 Greedy Routing

Theorem 1. The average path length isO
(

log2 n
q

)
for the greedy routing onR(n, s, q)

when1 ≤ q ≤ log n.

Proof. Consider a generic nodev = 〈v1, . . . , vs〉 ∈ {0, . . . , m − 1}s that holds a
message destined for nodet = 〈t1, . . . , ts〉 at distanced. For eachi = 1, . . . , s, let di

the distance betweenv andt on dimensioni that isdi = (ti − vi) mod m.
The routing proceeds by greedily diminishing the distance on dimension1 first,

until d1 = 0, then the distance on dimension2 is considered, and so on until the target
is reached.



Consider now a fixed dimensioni. Clearly the analysis is equivalent to that of greedy
routing on a ring with long-range connections added according to Definition 1.
Let φ denote the event that the current node is able to diminish the remaining distance,
from di to at mostdi/k in one hop. The expected number of nodes encountered before

a successful eventφ occurs isO
(

k log n
q

)
. Since the maximum number of times the re-

maining distance could possibly be diminished islogk di ≤ logk m, di ≤ m, it follows

that the average number of hops we need on each dimension isO
(

k log n
q · logk m

)
.

By repeating for each dimension (that is , up tos times),

O

(
s · k

log k

log m log n

q

)
= O

(
k

log k

log2 n

q

)
. (2)

By choosingk = 2, the result follows.

3.2 Indirect Greedy Routing

In the following we analyzeindirect greedy routing. Step2 in the definition of IR rout-
ing can be specialized toR(n, s, q) as follows:

2’. Among the nodes inLr(v)∪N(v), assume thatz is the closest to the target
(with respect to the distanced()): If z ∈ L(v) ∪N(v) then route the message
from v to z directly, otherwise first route the message fromv to u ∈ Nr(v) (at
mostr hops), then use theu’s long-range toz (1 hop), and finally go fromz
to a nodew using a inverse path with respect to the path fromv to u, in such a
way thatw differs fromv in exactly one dimension (at mostr hops). Formally,
if u = 〈v1 +d1, v2 +d2, . . . , vs +ds〉 thenw = 〈z1−d1, z2−d2, . . . , zs−ds〉.

Let N = |Nr(v)|. We can repeat the proof of Theorem 1 by noticing thatNq long-
ranges contacts are available at each greedy step and choosing the parameterk in equa-
tion (2) so thatqN = k ln n. Hence, we get that the number of indirect steps to reach

the destination isO
(

k
log k

log2 n
qN

)
= O(logk n). Each step requires at most2r + 1 hops

where, by (1),r = O

(
s
(

k ln n
q

)1/s
)

. Hence, the average path length is

O (r logk n) = O

(
s ln n

ln k

(
k ln n

q

)1/s
)

.

Choosingk = es, we obtain the following result.

Corollary 1 The average path length isO
(

log1+1/s n
q1/s

)
for the indirect routing on

R(n, s, q) when each node is aware of the long-range contacts of itses ln n
q closest

neighbors.

Remark 1.Unlikely in [8, 13], where the same result holds only for value of the pa-
rameters independent ofn (multiplicative factors ins are discarded in the asymptotic
notation), our results are expressed also for a non-constant numbers of dimensions. In
particular the results in [8, 13] are obtained using an awareness ofO (log n/q) neigh-

bors; this awareness allows to obtain an average path lengthO
(
s · log1+1/s n

q1/s

)
.



Corollary 2 The average path length isO (log n) for the indirect routing onR(n, s, q)
whens ≥ ln ln n and each node is aware of the long-range contacts of itsln2 n/q
closest neighbors.

3.3 NoN Greedy Routing
In the case of neighbor–of–Neighbor greedy routing, we obtain the following result.
Theorem 2. The average path length isO

(
log2 n
q log q

)
for NoN routing onR(n, s, q) when

1 < q ≤ log n.

4 Small–World networks with communities
In this section we impose more strict restrictions on the choice of long–range con-
tacts by the nodes in the network. Namely, we assume that nodes are partitioned into
c groups, calledcommunities. Each node randomly choose one of the communities to
belong to; each node in communityi, for 0 ≤ i < c, can choose its long–range contacts
only among a subset of nodes depending on the parameteri.

Definition 3. A Small–World network with communities(Rc(n, s, q)): is a network
K(n, s, q, p) with probability distributionp such that for anyu andv the probability of
having a long–range fromv to u is obtained as follows:

i) Nodev chooses the community its belongs to by uniformly at random selecting an
integercv in the interval[0, c).

ii) Nodev chooses uniformly at random an integerσ in the set[1, s].
Let t = q mod s, T = {σ, σ +1 mod s . . . , σ + t−1 mod s}, and, fori = 1 . . . s,

qi =
{ dq/se if i ∈ T
bq/sc otherwise.

(3)

For i = 1, . . . , q, theith long–range link fromv has endpointu at distanced(v, u)
with probability

p(d(v, u)) =





1
q if v andu differ in exactly one dimension andu is a feasible

endpoint (i.e.d(v, u) = bγ`+ cv
c

i c for somè = 0, . . . , qi − 1)
0 otherwise.

whereγi denotes a real number satisfyingln γi = (ln m)/qi.

Observation 1 For each nodev there are exactlyq feasible endpoints each with prob-
ability 1

q . Hence a feasible endpoint of a nodev is a long-range ofv with probability

1−
(
1− 1

q

)q

≥ 1− e−1 > 1/2.

4.1 Routing in Small–World networks with communities

In this section we show that by introducing communities we reduce the amount of
randomness with no harm to the efficiency of the system.

The following preliminary result will be a tool in the analysis of the performances
of the various routing strategies.

Lemma 1. Fix a dimensioni. Let k > 1 an integer and letΦ denote the probabil-
ity that a node of aRc(n, s, q) network (where1 ≤ q ≤ log n) is able to dimin-
ish with one hop the distance on a fixed dimensioni, from di to at mostdi/k, then

Φ = Ω
(

q
k log n

)
if c ≥ 2k ln n

q .



Greedy Routing

Theorem 3. The average path length isO
(

log2 n
q

)
for the greedy routing onRc(n, s, q)

when1 ≤ q ≤ log n andc ≥ 4 ln n
q .

Proof. By following the same arguments as in proof of Theorem 1 we only need to

show thatΦ = Ω
(

q
log n

)
, whereΦ denotes the probability that the current node is able

to halve the distance on a fixed dimensioni. Using Lemma 1 withk = 2 we obtain the
desired value.

Indirect Greedy Routing Consider an indirect greedy routing step as described in
Section 3.2. Letv be the node currently holding the message, considerNr(v) such that
it contains a setNc ⊆ Nr(v) of nodes which belong to different communities with

|Nc| = O
(

k ln n
q

)
. Fix any dimensioni for which the distance fromv to the target on

dimensioni is di > r (otherwise we route on this dimension using short–range links).
For each node inNc, consider the event that one of its long–ranges allows to to diminish
in one indirect step the distance on dimensioni from di to at mostdi/k; since nodes
in Nc belong to different communities, such events are independent. Then applying
Lemma 1, the probability that at least one node inNc is able to diminish, with one
indirect step, the distance to the target on dimensioni, from di to at mostdi/k is Ω(1).

If c ≥ 2k ln n
q and |Nr(v)| ≥ k ln n

q we have|Nc| = O
(

k ln n
q

)
and we can

reach the destination usingO(logk n) indirect greedy routing step. Therefore, since

r = O

(
s
(

k ln n
q

)1/s
)

the average path length is as for Restricted–Small–World.

Corollary 3 The average path length isO
(

log1+1/s n
q1/s

)
for indirect routing onRc(n, s, q)

when1 ≤ q ≤ log n, c ≥ 2es ln n
q and each node knows the long-range contacts of its

es ln n
q closest neighbors.

NoN Greedy Routing By analyzing NoN Greedy Routing in SW network with com-
munities, we can prove the following Theorem.

Theorem 4. The average path length isO
(

log2 n
q log q

)
for the NON routing onRc(n, s, q)

when1 < q ≤ log n andc > log n.

5 Conclusions
Our Theorems 3 and 4 answer in a positive way our initial question:Do the long–range
contacts really need to be completely random, or some “long–range clustering” could
instead be envisaged in such a “navigable” network?In a sense, we show that it is
not necessary to use a completely eclectic network in order to obtain a SW. Indeed,
such result can be obtained using a limited amount of heterogeneity, namely only a
logarithmic number of communities.

A part of their theoretical interest, such networks can be used toward the design
of efficient as well as easy to implement network infrastructures based on the SW ap-
proach. Diminishing the amount of randomness used for random links increases the



clustering of the network. Hence, one can get interconnected networks which, in addi-
tion to convenient graph properties (such as low average path length and degree) and
beside providing the efficient and easy routing algorithms (as offered by Kleinberg’s
model) offer an increased resilience (due to a higher clustering).
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